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Abstract

This paper examines the optimal sanction for rules that are imperfect
in that they are either overinclusive, as they prohibit an action that in
some circumstances is bene�cial, or underinclusive as they allow agents
to undertake alternative conducts that are harmful, or both. The paper
clari�es why this notion of imperfection di¤ers from the notion of over-
and underdeterrence and from that of legal errors. Finally it shows that
when rules are imperfect the optimal sanction is lower than the optimal
sanction for a perfect rule, both if the rule is overinclusive and if it is
underinclusive.
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1 Introduction

Rules are commands that aim to prevent socially undesirable behavior. How-
ever, often the design of a rule is imperfect in that it prohibits also conducts
that, at least in some circumstances, are not harmful or allows conducts that are
harmful, again at least in some circumstances. To pursue its end, a rule must
be enforced, that is there must exist a system that looks for breaches of the rule
and sanctions the violators. The optimal enforcement system of legal commands
is the subject of a vast economic literature, spurred by Becker (1968). The aim
of this paper is to study how the optimal enforcement changes when the design
of the rule is imperfect. Rules� imperfection is not to be confused with the
notions of inappropriate deterrence (overdeterrence and underdeterrence) and
of legal errors (false convictions, or type I errors, and false acquittals, or type
II errors). The next section provides the de�nition of rules� imperfection and
clari�es in what respects it di¤ers from the other two �aws of a legal system.
In this introduction it su¢ ces to say that a rule is imperfect if the prohibition
includes conducts that we would rather allow (overinclusion) and/or if the rule
permits conducts that we would prefer to prohibit (underinclusion). The main
result of the paper is that if the rule is imperfect, the expected sanction need
to be lowered to remain optimal, both when the rule is overinclusive and when
it is underinclusive. This contrasts with the way to adjust the expected sanc-
tion to restore an optimal enforcement system when the level of deterrence is
inadequate or when legal errors are possible.
The paper is organized as follows. Section 2 provides a taxonomy of the pos-

sible three �aws of the legal system, relates the paper to the relevant literature
and describes its motivations. Section 3 presents the model. Section 4 contains
the analysis: Section 4.1 characterizes the optimal sanction for an overinclusive
rule; Section 4.2. deals with the underinclusive rule; Section 4.3. analyzes a rule
that is both overinclusive and underinclusive. Section 5 concludes.

2 Taxonomy, literature and motivations

In this section I will: 1) clarify what I mean by rule�s imperfection, 2) explain
in what regards this notion di¤ers from other notions of "imperfection" relevant
for the enforcement of rules, 3) show that in the existing literature not all the
implications of rules�imperfection are adequately examined; and 4) demonstrate
that the type of imperfection addressed in this paper is an important legal and
social phenomenon.
In order to clarify the notion of rules�imperfection, it is necessary to split

the social consequences of a conduct into two components: the "internal e¤ect",
that is the gain the agent that undertakes the conduct derives from it, and the
"external e¤ect", that is the net welfare e¤ect of that behavior on any other
agent. In this paper a rule will be said to be imperfect if the conduct that it
prohibits in some circumstances yields a positive external e¤ect (overinclusion),
or if, in some circumstances, the rule allows some di¤erent behavior even if this
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alternative conduct yields a negative external e¤ect (underinclusion).1 This
type of imperfection was already noted by Ehrlich and Posner (1974), Kennedy
(1976), and extensively discussed by Schauer (1991).
The notion of imperfection presented above di¤ers from other types of "im-

perfections" considered in the literature of the public enforcement of law. First,
even if a rule is perfect in the sense just de�ned, the enforcement of the rule
impedes a socially e¢ cient outcome if it prevents a conduct whose positive in-
ternal e¤ect (violator�s gain) is larger than the negative external e¤ect (victims�
harm). In this case the enforcement of a (perfect) rule leads to overdeterrence,
as it discourages conducts that are harmful but socially e¢ cient. The enforce-
ment of a rule can also lead to underdeterrence, if it does not deter conducts
that are harmful and socially ine¢ cient as the private gain is lower than the
external harm.
Second, the proposed notion of imperfection di¤ers from the concept of ju-

dicial, or legal errors. A judicial error occurs either if someone is convicted for
breaching a rule, when in fact he did not (false conviction or type I error) or if
someone is not convicted for breaching a rule, when in fact he did (false acquittal
or type II error). If an agent is convicted when he does undertake conduct a,
that the rule prohibits, a judicial error does not occur, even if conduct a has
a positive external e¤ect (overinclusion) or if it is harmful but socially e¢ cient
(overdeterrence). Similarly, if an agent is acquitted when she undertakes con-
duct, a0, that the rule permits, and not the conduct a, that is prohibited, a
judicial error does not occur, also if conduct a0 has a negative external e¤ect
(underinclusion) or if conduct a0 is harmful and socially ine¢ cient (underdeter-
rence).
The three possible �aws of the legal system are clearly distinct. Nonethe-

less, the imperfection of rules retains some of the features of both inappropriate
deterrence and of judicial errors and may be confused with both of them if the
latter are de�ned in less precise terms. Indeed, as in a situation of overdeter-
rence, an overinclusive rule may prevent conducts that improve social welfare.
Analogously, an underinclusive rule may allow conducts that are socially ine¢ -
cient, as in the case of underdeterrence. An overinclusive rule may lead to the
conviction of an agent for undertaking a harmful action when in fact he did not
(as in a type I error). And an underinclusive rule may exonerate an agent when
in fact he did commit a harmful action (as in a type II error).2 Indeed, rules�
imperfection, over- and underdeterrence and the legal errors are all defects of

1 I will call "harmful" a conduct with a negative external e¤ect and "bene�cial" a conduct
with a positive external e¤ect. This names do not indicate the impact of the conduct on total
welfare as they neglect the welfare of the agent that undertakes it.

2 It may seem that the two notions of imperfection and legal errors coincide when the
distinction between legal and illegal conducts is de�ned by a standard rather than a rule. The
standard may declare illegal an act if and only if it causes an external harm. In this case,
however, the legal command is not imperfect by de�nition and only legal errors are possible. It
must be added that very rarely, if ever, a legal command is stated in terms of a pure standard
and that, even in these exceptional cases, judges tend to elaborate rules that translate the
standard in more precise and concrete prescriptions. The analysis contained in this paper
applies also to these judge-made rules.
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the legal system. However, the above discussion clari�es that they are di¤erent
in nature and call for distinct analyses since, as shown also in this paper, they
can have very di¤erent implications for the design of an optimal enforcement
system.
Does the existing literature cover adequately all the three types of �aws?

Appropriate deterrence is the central theme of the literature on the optimal
enforcement of rules. It has been thoroughly studied in hundreds of articles.3

The present paper is part of this literature. The implications of judicial errors
have been extensively examined in the contributions of Png (1986), Polinsky
and Shavell (1989), and Kaplow and Shavell (1994).
Rules�imperfection has been addressed, mostly informally, by Ehrlich and

Posner (1974) and Kennedy (1976). More recently, there has been an increasing
interest about rules�imperfection in the �eld of antitrust, and especially in the
analysis of exclusionary conducts (Beckner III and Salop, 1999; Hylton and
Salinger, 2001; Evans and Padilla, 2005). However, the earlier and the latter
contributions focus almost exclusively on the optimal design of a rule, taking
into account (among other things) the possibility that the legal commands may
be overinclusive or underinclusive or both.4 The more recent contributions also
examine how the optimal adjudication is a¤ected by the inclusion problems and
in particular discuss the optimal standard of proof for imperfect rules. However,
a formal analysis of how the imperfection of rules (the inclusion problem) alters
the optimal enforcement has not been developed so far.5

Rules� imperfection is a pervasive phenomenon. Some examples can be
drawn from antitrust law. A �rm with a signi�cant market power by reducing its
price may infringe a (judge-made) rule according to which a price below a pre-
de�ned cost benchmark is predatory and therefore prohibited by antitrust law.6

This rule is likely to be overinclusive as, in some circumstances, the decision by
a �rm to charge a price below the cost benchmark de�ned by the rule does not
have any exclusionary e¤ect and is justi�ed by e¢ ciency reasons. When this
occurs the rule prohibits a conduct that would have a positive external e¤ect,
as it would improve consumer welfare more than reducing competitors�pro�ts.

3Among them the most noteworthy contributions are Polinsky and Shavell (1979, 1984,
1991, 1992), Shavell (1987a, 1987b, 1991) Kaplow (1990a, 1990b, 1992) and Mookherjee and
Png (1994). For a more detailed list of referencess, see the coprehensive surveys of Garoupa
(1997), Mookherjee (1997) and Polinsky and Shavell (2000).

4Beckner III and Salop (1999), Hylton and Salinger (2001) and Evans and Padilla (2005)
tend to confuse the notion of rules� imperfection with that of judicial or legal errors. For
instance, Hylton and Salinger (2001) describe a rule with a two-way matrix in which the
cells contain the following combinations: a) illegal/harmful; b) illegal/not harmful; c) le-
gal/harmful; and d) legal/not harmful. Then they refer to b) as a case of "false conviction"
(while in fact it is a case of overinclusion) and to c) as a case of "false acquittal" (while, in
fact it is a case of underinclusion).

5Kaplow (1995) invesigates the enforcement of rules concering behavior that may have
di¤erent consequences. Yet, he considers the case in which two types of acts cause di¤erent
harms so that even if a rule does not distinguish between them, it is not overinclusive or
underinclusive in the meaning of this paper.

6Bolton et al (2000) provide a comprehensive discussion of the cost benchmarks used in
assessing alleged predatory behavior. They also point out the inclusion problem of these cost
benchmarks.
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Even the per se prohibition of hard core cartels is an overinclusive rule. Indeed,
several papers show that, in some circumstances, by �xing prices, �rms make
also consumers better o¤.7 The cost based rule on predatory pricing is likely to
be also underinclusive. In some cases, a dominant �rm may e¤ectively exclude
rivals by charging a price above the prede�ned cost benchmark. This conduct
may harm consumers as, once the rival has been excluded, the dominant �rm
has the ability to increase the price above the level that would have prevailed
otherwise. The prohibition of cartels does not cover some facilitating practices
that may allow the members of an oligopoly to reach and sustain a collusive
equilibrium.8 Hence, even if the rule prohibits overt communication among
competitors, it fails to prevent other forms of coordination that, although legal,
in some circumstances are apt to yield similar socially harmful consequences.
These are just a few examples and many others could be found in any area of
law.
What should be done when rules are imperfect? An obvious response is to

write better (that is less imperfect) rules. However, this comes at a cost, and,
as pointed out by Ehrlich and Posner (1974), and Kennedy (1976) the cost of
improving the design of a rule, after a certain point, overcomes the bene�ts, so
that a certain degree of imperfection is optimal, also if one was able to write
perfect rules. Moreover, Schauer (1991) has pointed out that rules are inherently
imperfect since it is impossible to foresee all the conceivable consequences of a
conduct in all possible real world conditions, some of which are necessarily
unpredictable when the rule is written.
Since the legislator, or the courts, cannot make rules perfect, their enforce-

ment must take into account that they are imperfect. The enforcement policy
is a complex system which encompasses many elements: the level of resources
spent to detect possible infringements, the combination of monitoring and inves-
tigation activities, the type and level of sanctions for apprehended and convicted
violators, and many others. The vast literature on the economics of enforcement
already mentioned has satisfactorily addressed the issues related to these policy
variables. Therefore to focus on the novelties implied by the inclusion problems,
I will consider the simplest setting in which the enforcer has to choose only the
expected sanction. It is well known that, if agents are risk neutral, sanctions
are costless, and there are no errors, the optimal expected sanction equals the
harm caused by the illegal conduct as this choice yields optimal deterrence.
Economists have also proved that if judicial errors are possible, both types of
error call for a higher expected sanction9 , because, for any level of the sanction,

7For instance, Stiglitz (1989), Fershtman and Pakes (2000), Kranton (2003), and Calzolari
and Spagnolo (2005) suggest that in situations where non-contractable quality is very impor-
tant, restricting price competition may improve the e¤ectiveness of reputational forces, and
increase non-contractible quality and consumer welfare. Buccirossi (2003) shows that if con-
sumers face search costs and choose quantity on the basis of the expected price, the average
price is above the monopoly level so that a price �xing agreement makes �rms and consumers
better o¤.

8See Buccirossi (2008) for a discussion of practices that may facilitate collusion and their
treatment under antitrust law.

9See Png (1986), Polinsky and Shavell (1989), and Kaplow and Shavell (1994). Ehlrich
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both errors diminish the di¤erence between the payo¤ the agent obtains if he
behaves legally and his payo¤ if he behaves illegally. Since the deterrence ef-
fect of the sanction depends on this di¤erence and not on the sanction absolute
level, the expected sanction, if errors are possible, must be increased in order
to reestablish the optimal level of deterrence. In the following sections I show
that the opposite result is valid when "errors" are due to an imperfect design of
the rule. I prove that both if the rule is overinclusive and if it is underinclusive
the optimal expected sanction is lower than the sanction for the perfect rule.

3 The model

A representative risk neutral agent10 can undertake an action, a that is prohib-
ited by a rule. With some probability � action a is bene�cial in that it yields
a positive external e¤ect, b > 0. With probability 1� � action a is harmful as
it yields a negative external e¤ect �h, with h > 0. If the action is bene�cial
the agent that undertakes it obtains a private gain gb distributed according to
density m (gb) and cumulative distribution M (gb) with support [0;1]. When
the action is harmful the private gain is gh with density n (gh) and cumulative
distribution N (gh) again with support [0;1]. While a bene�cial action is al-
ways socially desirable, a harmful action may be socially e¢ cient or ine¢ cient
(i.e. it may be either gh > h or gh < h).
If the action is harmful, with probability � the agent can pursue the same

objective, possibly less e¢ ciently from a private point of view, undertaking a
di¤erent action, a0 that is not prohibited. Action a0 yields a negative external
e¤ect �h0, with h0 > 0 and a private gain equal to �gh where � is a random
variable, observed by the agent, with support [0; 1] and distribution f (�).11 No
further restrictions are imposed. Hence, the alternative action can be more
harmful (h0 > h) or less harmful (h0 < h), more e¢ cient for society (�gh � h0 >
gh�h) or less e¢ cient (�gh�h0 < gh�h). Moreover both actions may be socially
desirable (if gh > h or if �gh > h0) or undesirable (if the opposite inequalities
hold).
The rule concerning conduct a may be overinclusive, as in some circum-

stances the prohibited action yields a positive external e¤ect, and underinclusive
as, in some circumstances, the agent can undertake an alternative conduct that

(1982) and Miceli (1991) take a di¤erent view as they assume that wrong punishments and
acquittals have a direct and negative e¤ect on social welfare.
10The agent represents k agents that can undertake the action prohibited by a rule in

xi di¤erent circumstances with i = 1; :::; k. The total number of situations in which the
rule could be applied is

Pk
i=1 xi and is normalized to 1. In this formulation the various

probabilities employed in the model represent the proportion of agents/circumstances that
generate a certain outcome. This interpretation is used in the comments to the anlytical results
with expressions like "there are some agents", "the set of agents" or "in some circumstances".
11The assumption that � is in the interval [0; 1] does not impose any restriction for the

purposes of this paper. Indeed, both if � < 0 and if � > 1 the rule and its enforcement are
irrelevant. If � < 0 conduct a0 is not adopeted independently of the rule as it would lower the
agent payo¤ in any case. If � > 1 the agent prefers action a0 to action a indipendently of the
existence of the rule and its enforcement.

6



yields a negative external e¤ect but that is not prohibited. The variable � repre-
sents the degree of overinclusion and � the degree of underinclusion. Indeed, �
indicates the probability that the rule prohibits a conduct that is bene�cial and
� indicates the probability that the rule does not prohibit a harmful conduct
that agents regard as an imperfect substitute of the prohibited conduct.12

Social welfare, W , is the sum of the internal and the external e¤ects of the
action undertaken by the agent. If the agent does not undertake any action
(neither a nor a0) W = 0. The enforcer problem is to choose the level of
the expected (costless) sanction that maximizes the expected W (s), under the
constraint s � 0. If this constraint is binding, we can say that society is better
o¤ if the rule is not enforced, or, equivalently, if the rule is abolished. If an
internal solution exists we will say that "the rule is enforced�. We assume
that W (s) is twice di¤erentiable and that W 00 < 0 which implies that W (s) is
concave and that the �rst order condition (FOC) is necessary and su¢ cient to
identify a maximum.
The model neglects the enforcement and the sanction costs as these issues

have been already explored in other contributions and the current model does
not alter the previous analyses. Hence s can be thought as the optimal com-
bination of monitoring and policing expenditure and the type and level of the
sanction so as to minimize the enforcement cost associated to any value of the
expected sanction. Therefore, for the sake of exposition, in what follows I refer
to the expected sanction simply as the the "sanction".

4 Analysis

I will �rst examine the two inclusion problems separately in order to understand
their speci�c implications, and then both problems together. In section 4.1 I
consider the optimal sanction for an overinclusive rule. In section 4.2 I examine
the case of an underinclusive rule. In section 4.3 I analyze a rule that is both
overinclusive and underinclusive. The aim of the analysis is to de�ne the optimal
sanction, to identify the factors that a¤ect its level, and, �nally, to verify if some
intuitive conditions are necessary and/or su¢ cient to make the enforcement of
an imperfect rule desirable.

4.1 Overinclusive rules

In this section we assume that � � 0 and � = 0. The agent undertakes a if and
only if its private gain (gb, gh) is above the sanction. Therefore, the expected
social welfare is:
12The model is framed in terms of a positive action prohibited by the rule. However it can

be interpreted so as to describe a rule that prescribes a certain positive action. In this case, a
is the conduct of an agent that does not obey the prescription and a0 is an alternative action
that is considered compliant with the rule even if it causes an external harm. All the other
variables in the model keep their meaning as de�ned in the main text.
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W = �

Z 1

s

(gb + b)m (gb) dgb + (1� �)
Z 1

s

(gh � h)n (gh) dgh.

The optimal sanction is characterized in the following proposition.

Proposition 1 If the rule is enforced, the optimal sanction for an overinclusive
rule is a weighted average of the negative external e¤ect (harm) produced by
the action when it is harmful and its positive external e¤ect (bene�t) when it is
bene�cial. The optimal sanction is non-increasing in the degree of overinclusion
of the rule and in the bene�t produced by the action when bene�cial, and non-
decreasing in the harm caused by the action when harmful.

Proof. Let
L =W (s) + �s

be the Lagrangian function. If the non-negative constraint is not binding, the
FOC is

@L

@s
= � (s+ b)�m (s)� (s� h) (1� �)n (s) + � = 0

) �s+ (1� �)n (s)
(�m (s) + (1� �)n (s))h�

�m (s)

(�m (s) + (1� �)n (s))b+ � = 0

which, when � = 0, becomes

s� = (1� r (s�))h� r (s�) b

where

r (s) =
�m (s)

�m (s) + (1� �)n (s) .

Sincem (s) ; n (s) � 0 for any s and 0 � � � 1 we have that 0 � r (s) � 1 for any
s. This proves the characterization of the optimal sanction. Let G (s; �; b; h)
be the implicit function de�ned by the FOC, when � = 0. According to the
implicit function theorem, since @G=@s < 0 by assumption, the sign of @s�=@x,
where x = �; b; h, is the same as the sign of @G=@x. Therefore we have

@G

@�
= � n (s)m (s) (h+ b)

(�m (s) + (1� �)n (s))2
� 0,

@G

@b
= �r (s) � 0,

and
@G

@h
= 1� r (s) � 0.

These derivatives prove the comparative statics statements of proposition 1.
The �rst implication of proposition 1 is that the optimal sanction for an

overinclusive rule is lower than the optimal value of the sanction for a perfect
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rule. The reduction of the sanction re�ects to a certain extent the external
social bene�t that may stem from the prohibited behavior. The measure of this
reduction depends on r (s) as de�ned in the proof of proposition 1. Therefore,
an economic interpretation of r (s) is necessary.
The imposition of a sanction deters both harmful and bene�cial actions.

For a given s, the probability that a bene�cial action is deterred is �M (s), the
probability that a harmful action is deterred is (1� �)N (s) and the probability
that any illegal action (either bene�cial or harmful) is deterred is �M (s) +
(1� �)N (s). The marginal e¤ect of a variation of s on the probability that
an illegal bene�cial action is deterred is �m (s), for an illegal harmful action
is (1� �)n (s) and for any illegal action is �m (s) + (1� �)n (s). Hence r (s)
represents, given the marginal deterrence e¤ect of s, the probability that the
additional deterred actions are bene�cial. For instance, consider a given value,
s0. If r (s0) = :5, increasing marginally s from s0 would deter a certain number
of additional illegal action, half of which will be bene�cial. If r (s0) = :25 only
a quarter of the additional deterred action are bene�cial.
Remark 1. If the private gains of the bene�cial action are distributed over

[h;1] the optimal sanction equals the harm as in the traditional analysis. For-
mally, this is proved by the fact that m (s) = 0 for any s � h. Hence, r (s) = 0
and s� = h. Intuitively, if the bene�cial conduct yields at least a private gain
equal to the sanction this behavior is not deterred at all, as all agents that are
in the position to undertake such a bene�cial action are (weakly) better o¤ if
they do so for any s � h. Note that this does not mean that the rule is perfect,
as agents that undertake the bene�cial action still face a positive probability to
be convicted and bear a sanction.
The other novelty of the characterization of the optimal sanction presented

in proposition 1 is that the optimal sanction depends also on the distribution
of the private gains and not only on the external e¤ects. The description of the
mechanism behind the identi�cation of the optimal sanction for an overinclusive
rule explains why the distributions of the private gains matter. The reason is
not (as one may think) that the enforcer cares about the contribution of the
private gain to the social welfare, but that the distribution of the internal e¤ects
in�uence the way the sanction modi�es the composition of the deterred illegal
actions. However, a simple example shows that the way the distributions of
private gains a¤ects the optimal sanctions is not always self-evident or intuitive.
Example 1. Suppose that for both types of illegal actions the private gains

are uniformly distributed. Bene�cial actions generates private gains distributed
over [0; gb] and the harmful action yields private gains distributed over [0; gh].
We have that m (s) = 1

gb
and n (s) = 1

gh
for any s. If, ceteris paribus, gb in-

creases, so that the distribution of the internal e¤ect of a bene�cial action is
distributed according to the new density m0 (gb) such that m0 (s) < m (s) for
any s, the optimal sanction (if the rule is enforced) increases . On the contrary,
if gh increases, so that n

0 (s) < n (s) for any s, the optimal sanction (if the rule
is enforced) decreases. Note that both types of changes in the distribution of
the private gains improve the expected total welfare stemming from the illegal
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conduct. Moreover, given the value of the sanction, an increase in gb makes
more likely that the illegal conduct that will be actually undertaken, given a
certain sanction, is bene�cial, whereas an increase in gh determines the oppo-
site. The explanation of this results is that what matters for the determination
of the optimal sanction is its relative deterrence e¤ects on bene�cial and harm-
ful actions. If gb increases, ceteris paribus, a higher sanction has an impact on
the decision to undertake a bene�cial action less strong than the impact on the
decision to undertake a harmful action. Since at the margin the cost of imped-
ing a conduct that yields positive external e¤ects is lower than the bene�t of
deterring harmful conducts, it is optimal to increase the sanction. The opposite
occurs if gh decreases, because in this case an increase in the sanction has a
stronger deterrence e¤ect at the margin on bene�cial conducts than on those
that cause a harm.
The �nal proposition of this section examines when an overinclusive rule has

to be enforced.

Proposition 2 If the distribution of private gains is the same for harmful and
bene�cial actions, then the existence of a negative expected external e¤ect in
the absence of the rule is a necessary and su¢ cient condition for preferring
the enforcement of the imperfect rule to the abolition of the rule. In all the
other cases, the expected external e¤ect of the behavior targeted by the rule does
not provide neither a necessary nor a su¢ cient condition for choosing to keep
enforcing the rule.

Proof. The optimal sanction whenm (s) = n (s) for any s, is s� = max f0; (1� �)h� �bg,
so that s� is positive if and only if the expected net external e¤ect is negative.
Two numerical examples prove the second part of the proposition. Suppose that
� = 0:5, that the private gains of both types of action are uniformly distributed
as described in Example 1, that h = 1 and that b = 2. Without any enforcement
the expected net external e¤ect is positive. Therefore it seems inappropriate to
prohibit a conduct that produces these consequences. However, simple calculus
shows that enforcing this rule, i.e. imposing an expected positive sanction is
optimal if gb > 2gh. For instance, if gb = 3 and gh = 1, simple calculus proves
that it would be optimal to have a sanction equal to 0:25 and that this would
increase total welfare from 1:5 to 1:5208. Now change the previous example
with h = 2 and b = 1. If the rule is not enforced, the expected external e¤ect
is �0:5. If gb < gh=2 social welfare is decreasing in s for s � 0. For instance if
gb = 1 and gh = 3 , @W (s) =@s = �0:16 � 0:6s < 0 for any s � 0. Therefore,
the constraint s � 0 is binding which means that the rule should be repealed.

Proposition 2 shows that it may be desirable to enforce an imperfect rule
even if the net expected external e¤ect is positive, (i.e. even if the expected
bene�ts of the bene�cial action outweighs the expected harm of the harmful
action) and that it may desirable to repeal a rule even if the expected harm of
the prohibited conduct is higher than its expected bene�t.
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4.2 Underinclusive rules

In this section we assume that � = 0 and � � 0. For the sake of exposition
I remove the subscript h and write g = gh. The agent has to decide whether
to undertake action a or a0 if this alternative is available. The agent that
undertakes a obtains an expected payo¤ of g � s while the payo¤ stemming
from action a0 is �g. Since �g is non-negative, all agents whose private gain is
not larger than the expected sanction prefer action a0. An agent with g > s
undertakes action a if � < g�s

g and action a0 if � � g�s
g . With probability

1 � � the alternative action a0 is not available. In this case the agent�s choice
is between undertaking a or no action. As usual she undertakes a if and only if
her private gain is above the sanction. Hence, social welfare can be written as
follows:

W (s) = �(

Z s

0

Z 1

0

(�g � h0) f (�) d�n (g) dg

+

Z 1

s

Z g�s
g

0

(g � h) f (�) d�n (g) dg

+

Z 1

s

Z 1

g�s
g

(�g � h0) f (�) d�n (g) dg)

+ (1� �)
Z 1

s

(g � h)n (g) dg

The following proposition characterizes the optimal sanction for an under-
inclusive rule.

Proposition 3 The optimal sanction for an underinclusive rule, if the rule is
enforced, equals the harm caused by the prohibited action minus a share between
0 and 1 of the harm caused by the alternative but not prohibited action. The
optimal sanction is non-increasing in the degree of underinclusion, and in the
harm caused by the alternative action and increasing in the harm caused by the
prohibited action.

Proof. When the maximization problem has an internal solution, the FOC is:

0 =
@L

@s
= ��

Z 1

s

g � h
g

n (g) f

�
g � s
g

�
dg

+�

Z 1

s

g � s� h0
g

n (g) f

�
g � s
g

�
dg

�n (s) s+ n (s)h+ n (s)�s� n (s)�h+ �.

Let b� (s) = g � s
g
:
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� (s) =

Z 1

s

f
�b� (s)�
g

n (g) dg;

and

q (s) =
�� (s)

�� (s) + (1� �)n (s) .

Then, putting � = 0, the FOC can be written as follows

s = h� h0q (s)

Since � (s), n (s) � 0 and 0 � � � 1, we have that 0 � q (s) � 1. This proves
the �rst part of proposition 3. Again, let G (s; �; b; h) be the implicit function
de�ned by the FOC when � = 0. Since @G=@s < 0, by assumption, the sign
of @s�=@x where x = �; h; h0, is the same as the sign of @G=@x. Thus, we can
compute the following derivatives:

@G

@�
= � 1

(1� �)2
� (s�)

n (s�)
� 0,

@G

@h0
= �q (s) � 0,

and
@G

@h
= 1 > 0.

The sign of these derivatives proves the comparative statics statements of propo-
sition 3.
Proposition 3 proves that also for an underinclusive rule the optimal sanction

is lower than the optimal sanction that should be imposed to enforce a perfect
rule. The intuition is that the sanction must be set equal to the harm caused
by the prohibited conduct with respect to the external e¤ect stemming from
the alternative and not prohibited conduct. However, as for the overinclusive
rule, the really important factor to take into account is the marginal impact
of the sanction on the composition of the set of agents that are deterred from
undertaking a. This set is formed by two groups of agents: those that have
the possibility to undertake the alternative behavior a0, and those who have no
alternatives. If � = 1 all agents belong to the �rst group whatever the level of
the sanction. Therefore a modi�cation of the sanction has no in�uence on the
composition of the set of agents that are e¤ectively deterred. All of them could
have undertaken the alternative conduct a0 with harm h0. For any deterred agent
the relative harm of action a is h�h0. If � < 1, there exists a fraction of agents
that do not have an alternative to action a. Given the value of the sanction,
the probability that an agent of the �rst group (those with an alternative) is
deterred is

�

 Z s

0

Z 1

0

f (�) d�n (g) dg +

Z 1

s

Z 1

g�s
g

f (�) d�n (g) dg

!
,

12



while the probability of deterring an agent of the second group (those without
an alternative) is

(1� �)
Z s

0

n (g) dg.

The derivative of the �rst probability is �� (s) and the derivative of the second
probability is (1� �)n (s). Hence, q (s) represents, given the marginal deter-
rence e¤ect of s, the probability that the additional deterred actions could have
been undertaken by agents who can choose the alternative conduct, a0.
Remark 2. The traditional result where the optimal sanction is equal to the

harm holds in the case in which f
�b� (s)� = 0 for s = h. This condition holds,

for instance, if action a guarantees a minimum gain and the alternative action
is so privately ine¢ cient that, even if the sanction equals the harm caused by
a, no agent would undertake a0. Formally, if g is the lower limit of the support
of n (g), � the upper limit of the support of f (�) and � � 1� h=g, we have that
for any s � h, f

�b� (s)� = 0.
Remark 3. The social e¢ ciency of the two actions does not enter in the

determination of the optimal sanction. Hence, the optimal sanction may be
positive both if a is more e¢ cient than a0 and if the opposite is true, as the
following numerical example shows.
Example 2. Suppose that � = 0:5, that g is uniformly distributed over [0; 4],

that h = 2 and that � is uniformly distributed over [0; 1]. Conduct a is socially
more e¢ cient than a0 if h0 > 1, whereas a0 is more e¢ cient if h0 < 1. Denote
with s�(h0) the value of the sanction that solves the maximization problem, we
obtain that s�(0:5) = 1:776, s�(1:5) = 1:174, and s�(2:2) = 0:527. These results
show that a positive sanction may be optimal also when the alternative conduct
is less e¢ cient and that this may be true even in the case in which a0 is less
e¢ cient both because the private gain is lower and because the external harm
is higher.
Finally, we can ascertain whether there exist necessary or su¢ cient condi-

tions for enforcing an underinclusive rule.

Proposition 4 The existence of a harm caused by the prohibited action higher
than the harm caused by the harmful but legal action is a su¢ cient, but not a
necessary condition to make the enforcement of the imperfect rule preferable to
the abolition of the rule.

Proof. Since the optimal sanction is s� = max f0; h� h0q (s)g, and 0 � q (s) �
1, it is immediate to see that if h > h0, the non-negative constraint is never
binding. Hence, h > h0 is a su¢ cient condition to have the rule enforced, but
not a necessary condition as shown in Example 2. If h � h0 the non-negative
constraint may become binding, depending on the degree of underinclusion and
the distribution of private gains stemming from actions a and a0.

4.3 Over and underinclusive rule

In this section we assume that �; � � 0. The expected social welfare is
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W (s) = �

Z 1

s

(gb + b)m (gb) dgb +

(1� �)�(
Z s

0

Z 1

0

(�gh � h0) f (�) d�n (gh) dgh

+

Z 1

s

Z g�s
g

0

(gh � h) f (�) d�n (gh) dgh

+

Z 1

s

Z 1

g�s
g

(�gh � h0) f (�) d�n (gh) dgh

+(1� �) (1� �)
Z 1

s

(gh � h)n (gh) dgh

The results of the previous sections hold in this general case, as stated in
the following proposition.

Proposition 5 The optimal sanction for a rule that is both overinclusive and
underinclusive, if the rule is enforced, equals the weighted average of the negative
external e¤ect (harm) produced by the action when it is harmful and its positive
external e¤ect (bene�t) when it is bene�cial minus a share between 0 and 1
of the harm caused by the alternative but not prohibited action. The optimal
sanction is decreasing both in the degree of overinclusion and in the degree of
underinclusion of the rule; it is decreasing in the bene�t produced by the action
when bene�cial, and in the harm caused by the alternative action; �nally it is
increasing in the harm caused by the prohibited action when harmful.

Proof. Solving the FOC we obtain

s� = (1� t (s�))h� t (s�) b� p (s�)h0

where:

t (s) =
�m (s)

�m (s) + (1� �) (�� (s) + (1� �)n (s)) ,

and

p (s) =
� (1� �) � (s)

�m (s) + (1� �) (�� (s) + (1� �)n (s)) .

Since m (s) ; n (s) ; � (s) > 0 and 0 < � < 1; and 0 < � < 1, we have that
0 < t (s) < 1 and 0 < p (s) < 1. The comparative static statements can be
proved as in proposition 1 and 3, by using the implicit function theorem.
The optimal sanction can be de�ned in general as equal to the marginal

impact of the sanction on the expected incremental net harm. So that the
"harm", to which the optimal sanction should be set equal to, is quali�ed by
several expressions. They are "marginal impact", "expected", "incremental"
and "net". The �rst expression clari�es that the harm should be computed
at the margin. This is not really a novelty. The use of "expected" refers to
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the fact that the marginal impact on the harm depends on the probability
of deterring: a) the prohibited harmful conduct, b) the prohibited bene�cial
conduct or c) the alternative harmful but not prohibited conduct. The relevant
harm is "incremental" because the external e¤ect is the speci�c e¤ect of the
prohibited action relative to the negative external e¤ect of any alternative (but
legal) conduct. Finally the harm is "net" because the external bene�t of the
prohibited action has to be taken into account and, to a certain extent, reduces
the value of the harm used to set the sanction. This characterization of the
optimal sanction has a general validity and applies also to any perfect rule. The
optimal sanction for a perfect rule equals the harm caused by the prohibited
conduct - without further quali�cations - for the simple reason that: 1) the
probability that the deterred conduct (if any) is the prohibited harmful conduct
is 1 by assumption; 2) the external e¤ect of the alternative legal conducts is zero
by assumption; and 3) the bene�t of the prohibited action is zero by assumption.
This formal analysis proves also that if there exists an alternative action

that is not prohibited (as in the case of an underinclusive rule) and that yields
a positive external e¤ect, the optimal sanction might be higher than the harm
caused by the prohibited harmful conduct. In this case the rule is not (neces-
sarily) imperfect as the alternative action is not prohibited for a good reason,
as it is bene�cial and not harmful. Yet, the formal model may cover also this
case. It is su¢ cient to interpret h0 as the value of this bene�t which enters the
welfare function with a positive sign, to see that the optimal sanction might be
higher than the harm caused by the prohibited and harmful action.

5 Concluding remarks

Three types of �aws can a¤ect a system composed by a rule and its enforce-
ment: 1) overdeterrence/underdeterrence; 2) type I/type II judicial errors; 3)
overinclusion/underinclusion. The �rst �aw is related to the strength of the
enforcement; it occurs when this enforcement is too strong or too weak, so that
it either discourages conducts that are socially e¢ cient even if they produce an
external harm (overdeterrence), or does not prevent conducts that are harm-
ful and socially ine¢ cient (underdeterrence). The second �aw is related to the
quality of the enforcement and/or of the adjudication system. It considers the
possibility that an agent is convicted for breaching a rule while in fact he did not
undertake the prohibited conduct (type I error) or that the agent is acquitted
or not prosecuted even if he had undertaken the prohibited conduct (type II
error). The third �aw is related to the design of the rule. It occurs when the
rule prohibits a conduct that in some circumstances is in fact bene�cial, as it
determines a positive external e¤ect (overinclusion) or when the rule permits
alternative conducts that are harmful (underinclusion).
The three �aws have very di¤erent consequences on the level of enforcement

(summarized by the optimal expected sanction) that maximizes social welfare.
In case of overdeterrence/underdeterrence, by de�nition, the sanction must be
adjusted so as to compensate the defect. Therefore it must be decreased in
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case of overdeterrence and increased in case of underdeterrence. When the �aw
derives from the possibility of judicial errors, the optimal policy is to increase
the sanction both in response to a higher probability of type I errors and in
response to more probable type II errors. This paper completes the picture. It
shows that when the design of the rules is imperfect, the optimal way to correct
the enforcement is to decrease the sanction both in case of an overinclusive rule
and in the case of an underinclusive rule.
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